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Summary 

The method used by Drazin t o  i n v e s t i g a t e  t h e  s t a b i l i t y  of unbounded, 

viscous , homogeneous , p a r a l l e l  s h e a r  f low t o  s m a l l  wavenumber d i s tu rbances  i s  

extended t o  s tudy  t h e  e f f e c t  of thermal  s t r a t i f i c a t i o n  on t h e  s t a b i l i t y  of 

un bounded j e t s  and s h e a r  l a y e r s .  By t h i s  method t h e  s t a b i l i t y  c h a r a c t e r i s t i c s  

of continuous p r o f i l e s  are i n f e r r e d  from t h e  s t a b i l i t y  c h a r a c t e r i s t i c s  of d i s -  

continuous p r o f i l e s ,  

The d i f f e r e n t i a l  equat ion  which governs t h e  s t a b i l i t y  of thermal ly  

s t r a t i f i e d  p a r a l l e l  s h e a r  flow of a v iscous  , heat-conducting , incompress ib le  

f l u i d  i s  de r ived  c o n s i s t e n t  w i t h  t h e  Boussinesq approximation and t h e  assunp- 

t i o n  of n e g l i g i b l e  v iscous  hea t ing .  It  i s  shown t h a t  t he  s o l u t i o n  of t h e  

governing d i f f e r e n t i a l  equa t ion  i n  a l a y e r  of cons t an t  h o r i z o n t a l  v e l o c i t y  

and cons t an t  ver t ica l  temperature  g r a d i e n t  can b e  expressed as a l i n e a r  com- 

b i n a t i o n  of  exponen t i a l  s o l u t i o n s .  The matching condi t ions  t o  b e  imposed upon 

t h e  s o l u t i o n s  i n  ad jacen t  l a y e r s  are der ived .  

The c h a r a c t e r i s t i c  v a l u e  problem f o r  d i scont inuous  j e t  and s h e a r  

l a y e r s  i s  posed by t h e  requirement  t h a t  t h e  s o l u t i o n s  of t h e  governing 

d i f f e r e n t i a l  equa t ion  s a t i s f y  t h e  matching cond i t ions  and boundadness condi- 

t i o n s  € o r  l a y e r s  t h a t  ex tend  t o  i n f i n i t y .  The anal.:.sis !t.ads t o  a charac te r -  

i s t i c  de te rminant  which i s  r equ i r ed  t o  vanish  f o r  t h e  c h a r a c t e r i s t i c  va lues  

of t h e  parameters :  t h e  Reynolds number, t h e  wavenumber and t h e  wave speed.  

I n  o r d e r  t o  f i n d  t h e s e  c h a r a c t e r i s t i c  v a l u e s ,  an  e igenvalue  sea rch  r o u t i n e  

i s  employed and curves of  n e u t r a l  s t a b i l i t y  f o r  t h e  s h e a r  l a y e r  and j e t  are 

found f o r  several va lues  of  t h e  Richardson number. 

ence i s  explored;  b u t  n o t  completely,  I n  p a r t i c u l a r ,  a P r a n d t l  number de- 

pendence w a s  found f o r  t h e  e igenvalues  of t h e  s h e a r  l a y e r  even i n  t h e  absence 

of thermal  s tra t i  f i ca t ion .  

The P r a n d t l  number depend- 
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The s t a b i l i z i n g  e f f e c t  of t h e  thermal  s t r a t i f i c a t i o n  as parameter- 

i z e d  by t h e  Richardson number w a s  found t o  b e  most s t a b i l i z i n g  f o r  s m a l l  

wavenumber ( large-s  cale) d i s t u r b a n c e s ,  Moreover, since t h e  model employing 

discont inuous p r o f i l e s  can only be used t o  i n f e r  t h e  s m a l l  wavenumber s t a b i l i t y  

c h a r a c t e r i s t i c s  of continuous f lows,  no conclusions are drawn concerning a 

c r i t i c a l  Richardson number which s t a b i l i z e s  t h e  continuous flows. Nevertheless  

i t  i s  argued t h a t  t h e  p r e s e n t  approach r e p r e s e n t s  a prac t ica l  method of ex- 

p l o r i n g  the  s t a b i l i t y  of thermally s t r a t i f i e d  s h e a r  flow of small-scale  i n  the  

at.mosphere as i t  occurs n e a r  regions of d i s c o n t i n u i t y  i n  the  v e r t i c a l  tempera- 

t u r e  g r a d i e n t ,  



1. I n t r o d u c t i o n  

A l a r g e  p a r t  of hydrodynamic s t a b i l i t y  theory i s  devoted t o  t h e  

s tudy of homogeneous p a r a l l e l  s h e a r  flow. 

the  s t a b i l i t y  of such flows t o  s m a l l  d i s tu rbances  i s  governed by Rayleigh 's  

equat ion,  

For i n v i s c i d  incompressible  f l u i d  

where U(z) i s  the b a s i c  flow v e l o c i t y ,  a is  t h e  d i s t u r b a n c e  wavenumber, 

c is the d i s tu rbance  wave speed and @ ( z )  i s  the  z dependent p a r t  of t h e  

d i s tu rbance  stream func t ion .  The x-coordinate i s  taken as t h e  d i r e c t i o n  

of flow. The v e r t i c a l  coord ina te ,  z , is  d i r e c t e d  a c r o s s  t h e  flow and D 

r e p r e s e n t s  - For v i s c o u s ,  incompressible  f l u i d  t h e  s t a b i l i t y  of s m a l l  

d i s tu rbances  i s  governed by the  more g e n e r a l  Orr-Sommerfeld equa t ion ,  

dz 

(1.2) 
2 2 (D2 - a2)2 @ ( z )  = iaR{(U - c)  (D - a ) @ ( z )  - (D2U) @ ( z ) )  , 

where R is  t h e  Reynolds number. 

The s t a b i l i t y  a n a l y s i s  of t h e  Orr-Sonunerfeld equat ion invo lves  t h e  

formulat ion of a c h a r a c t e r i s t i c  va lue  problem i n  which t h e  s o l u t i o n s  of t h e  

equa t ion  are requ i r ed  t o  s a t i s f y  c e r t a i n  boundary cond i t ions .  Eigenvalues 

and e i g e n s o l u t i o n s  ob ta ined  from the  s o l u t i o n  of t h e  c h a r a c t e r i s t i c  va lue  

problem depend upon t h e  b a s i c  v e l o c i t y  p r o f i l e  and t h e  boundary cond i t ions .  

The major d i f f i c u l t y  i n  o b t a i n i n g  t h e  s o l u t i o n  of t h e  c h a r a c t e r i s -  

t i c  va lue  problem f o r  t h e  s t a b i l i t y  a n a l y s i s  of homogeneous para l le l  s h e a r  

flow i s  o b t a i n i n g  s o l u t i o n s  t o  the  Orr -Somerfe ld  equat ion.  A t  least t h r e e  

d i f f e r e n t  approaches have been used. Each method has  i ts  l i m i t a t i o n s .  

3 



4 

The classical  method invo lves  t h e  asymptot ic  s o l u t i o n  ( f o r  a review, 

see Reid ) of t h e  Orr-Sommerfeld equat ion.  It g ives  good r e s u l t s  f o r  l a r g e  clR 1 

and i s ,  

channel 

Betchov 

res u l  ts 

t h e r e f o r e ,  w e l l  s u i t e d  f o r  s t a b i l i t y  computations of boundary-layer o r  

flow, For such flows aR i s  u s u a l l y  l a r g e r  than 100. 

The second method i s  t h e  numerical  i n t e g r a t i o n  ( f o r  a review, see 

2 and Criminale ) of the Orr-Sommerfeld equat ion.  It g ives  reasonable  

f o r  a wide range of a R  b u t  may l e a d  t o  poor r e s u l t s  ' i f  t h e  Reynolds 

number i s  t o o  l a r g e .  There i s ,  of course,  a range of a R  f o r  which t h e  r e s u l t s  

using the  numerical  a n a l y s i s  may be compared with t h e  r e s u l t s  u s ing  t h e  

asymptot ic  a n a l y s i s .  The agreement is  good (see, f o r  example, Lin (p. 2 9 ) ) .  

The numerical  i n t e g r a t i o n  of t h e  Orr-Sommerfeld equa t ion  may r e q u i r e  a f a i r  

amount of computer t i m e ,  E s p e c i a l l y ,  i f  many parameters are t o  b e  v a r i e d ,  

such computations can become c o s t l y  and i t  would be w e l l  t o  have ano the r  method 

which would r e q u i r e  less computer t i m e  b u t  s t i l l  g i v e  good r e s u l t s  f o r  a R  of 

o rde r  un i ty .  

3 

Drazin4 has  shown t h a t  i t  i s  p o s s i b l e  t o  o b t a i n  t h e  s m a l l  wavenumber 

s t a b i l i t y  c h a r a c t e r i s t i c s  of unbounded flows, f o r  which CXR i s  known t o  b e  

of o r d e r  one, by cons ide r ing  the  s t a b i l i t y  c h a r a c t e r i s t i c s  of discont inuous 

b a s i c  f lows.  

has s imple exponen t i a l  s o l u t i o n s .  S p e c i f i c a l l y  Drazin demonstrated t h a t  t h e  

c h a r a c t e r i s  t i c  value problem f o r  t h e  discont inuous s h e a r  l a y e r  

I n  a l a y e r  of cons t an t  b a s i c  v e l o c i t y  t h e  Orr-Sommerfeld equa t ion  

1 z > o  

{ - 1  z < o  

u(2) = (1.3) 

l eads  t o  a curve of n e u t r a l  s t a b i l i t y ,  

n e u t r a l  s t a b i l i t y  f o r  continuous s h e a r  l a y e r  p r o f i l e s  are known t o  b e  asymptot ic  

f o r  s m a l l  a ( s e e ,  f o r  example, Tatsumi and Gotoh and Esch ).  

R = 4 a a , t o  which t h e  curves of 
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Drazin a l s o  explored t h e  s t a b i l i t y  c h a r a c t e r i s t i c s  of t h e  discon- 

t inuous j e t  

Figure 1 is  t h e  curve of n e u t r a l  s t a b i l i t y  i n  t h e  a , R  plarie and f i g u r e  2 

i s  t h e  corresponding curve i n  the  a ,  c p lane  ob ta ined  from e v a l u a t i n g  Drazin'  s 

equat ion (52).  For comparison purposes several eigenvalues  are given f o r  t h e  

continuous Bickley j e t  (U(z) = sech2 z )  a f t e r  Clenshaw and E l l i o t  and 

T a t s u m i  and Gotoh. The agreement between Drazin 's  n e u t r a l  curve f o r  t h e  

d i scon t inuous  j e t  and t h e  n e u t r a l  curve f o r  t h e  Bickley j e t  i s  remarkable. 

This agreement is  b e s t ,  as expected, f o r  s m a l l  wavenumbers and becomes q u i t e  

poor f o r  a > 1 . 

7 

It seems reasonab le ,  as suggested by Drazin,  t h a t  t he  s t a b i l i t y  

of discont inuous p r o f i l e s  i n  a s t r a t i f i e d  f l u i d  may s i m i l a r l y  b e  s t u d i e d  t o  

i n v e s t i g a t e  che s t a b i l i t y  of continuous unbounded s t r a t i f i e d  flow t o  d i s t u r -  

bances o f  s m a l l  wavenumbers. 
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2 -  - The governing equa t ions  

The equa t ions  which govern t h e  s t a b i l i t y  of thermally s t r a t i f i e d  

shea r  flow i n  an incompressible ,  v i s c o u s ,  heat-conducting f l u i d  are t h e  

Navier-Stokes equa t ions ,  t h e  c o n t i n u i t y  equa t ion ,  a h e a t  conduction equa- 

t i o n ,  and t h e  equa t ion  of state. With s t a b l e  thermal s t r a t i f i c a t i o n  w e  

a n t i c i p a t e  two-dimensional waves as t h e  most u n s t a b l e  d i s t u r b a n c e  and w e ,  

t h e r e f o r e ,  consider  only t h e  two-dimensional problem. 

I n  a C a r t e s i a n  coord ina te  system w i t h  x chosen as t h e  d i r e c t i o n  

of t h e  u n i d i r e c t i o n a l  b a s i c  flow U(z) and z as t h e  v e r t i c a l  c o o r d i n a t e ,  

t h e  l i n e a r i z e d  equa t ions  are: 

and 

p'  = - py0' , 

where u '  and w'  are t h e  l o n g i t u d i n a l  and v e r t i c a l  components of t h e  per- 

t u r b a t i o n  v e l o c i t y ,  p '  i s  t h e  p e r t u r b a t i o n  p r e s s u r e ,  p '  i s  t h e  per turba-  

t i o n  d e n s i t y ,  and 0 '  i s  t h e  p e r t u r b a t i o n  temperature.  The kinematic  v i s -  

c o s i t y  i s  V , t h e  thermometric conduc t iv i ty  i s  K , and thermal  expansion 
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c o e f f i c i e n t  i s  y . It has  been assumed t h a t  h e a t i n g  due t o  v i scous  d i s -  

s i p a t i o n  i s  n e g l i g i b l e  and t h e  Boussinesq approximation has  been made. 

Cons i s t en t  w i t h  t h e  assumption t h a t  t h e  most u n s t a b l e  d i s t u r -  

bances are i n  t h e  form of two-dimensional waves, p e r i o d i c  i n  x and t ,  

w e  l e t  

exp { i a ( x - c t ) )  . 

I f  we now make t h e  a p p r o p r i a t e  s u b s t i t u t i o n s  i n  equa t ions  (2.1-2.5) and 

u s e  equa t ion  (2.5) i n  ( 2 . 2 ) ,  w e  o b t a i n  

* 
2 2 , -  A A  

ia(U - c ) u  + wDU = - - iclp + V(D - a ) u  , P 

A 

ia(U - c)w 

A * 
i a u  + Dw = 0 , 

2 2 A  A A  

and ia(U - c )0  + wDO = K(D - a ) e  , 

d 
dz where 3 r e p r e s e n t s  - 

The c o n t i n u i t y  equa t ion  (2.9) provides  t h e  b a s i s  f o r  t h e  i n t r o d u c t i o n  of 

t h e  p e r t u r b a t i o n  stream f u n c t i o n ,  

so  t h a t  
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o r  
A '  A 

u = -  D@ and w = ia$ . 

Upon s u b s t i t u t i o n  of t h e  p e r t u r b a t i o n  stream f u n c t i o n  i n  equa t ions  (2.7) 

and (2 .8 ) ,  and e l i m i n a t i o n  of t h e  p r e s s u r e ,  we o b t a i n  t h e  fourth-order  

equat ion,  

(2.11) 

If t h e  l as t  term on t h e  r i g h t  of t h i s  equat ion happens t o  be ze ro ,  i t  

reduces t o  t h e  dimensional form of t h e  Orr-Sommerfeld equat ion.  Equation 

(2.10) may now b e  expressed as 

(2.12) K 2  2 A  A 

(u - c ) e  + @DO = (D - a ) e  . la 

Taken t o g e t h e r  equa t ions  (2.11) and (2.12) are t h e  s ixth-order  governing 

equa t ions  f o r  t h e  s t a b i l i t y  of thermally s t r a t i f i e d  p a r a l l e l  s h e a r  flow 

c o n s i s t e n t  w i th  t h e  Boussinesq approximation and t h e  assumption of 

n e g l i g i b l e  v i scous  h e a t i n g .  The coupling between these equa t ions  i s  pro- 

vided b y . t h e  g r a v i t a t i o n a l  body f o r c e  and t h e  v e r t i c a l  g r a d i e n t  of t h e  

b a s i c  temperature .  

I f  w e  now in t roduce  a c h a r a c t e r i s t i c  v e l o c i t y  U, , a charac- 

T, , t e r i s t ic  l e n g t h  

w e  o b t a i n  equa t ions  (2.11) and (2.12) i n  t h e  non-dimensional form: 

L, , and a c h a r a c t e r i s t i c  temperature  d i f f e r e n c e  

A -1 2 2 A 

and L2e  C(iaRPr) (D - a ) - (U - c) Ie  = - (DO)@ , (2.14) 
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where 
gV*L,  V , and P r  = - 2 K '  

, R i  = 
U*L* 

b 
R F -  

V 
u* 

are t h e  Reynolds number, o v e r a l l  Richardson number, and P r a n d t l  number 

r e s p e c t i v e l y .  By e l i m i n a t i n g  8 from equa t ions  ( 2 . 1 3 )  and (2.14) ,  w e  
A 

o b t a i n  t h e  s ix th -o rde r  equat ion 

L L ($ + Rib(DO)($ = 0 . ( 2 . 1 5 )  
2 4  

9 Gage and Reid (1968)8 and Gage (1971) have s t u d i e d  t h e  s t a b i l i t y  

of t he rma l ly  s t r a t i f i e d  v i s c o u s  p a r a l l e l  f low i n  t h e  presence of a t  least 

one r i g i d  boundary by extending t h e  u s u a l  asymptot ic  a n a l y s i s  f o r  t h e  

Orr-Sommerfeld equa t ion  t o  treat  the  s ix th -o rde r  equa t ion .  Th i s  method 

l e a d s  t o  good r e s u l t s  f o r  l a r g e  a R  bu t  s u f f e r s  from t h e  l i m i t a t i o n  t h a t  

only t h e  s p e c i a l  case of P r  = 1 can be t r e a t e d .  For unbounded flows w e  

a n t i c i p a t e  i n s t a b i l i t y  f o r  small aR and w e  must t h e r e f o r e  apply o t h e r  

methods t o  t h e  s t a b i l i t y  a n a l y s i s .  A s  po in ted  ou t  i n  t h e  i n t r o d u c t i o n ,  

one such method has  been used by Drazin' t o  s tudy  t h e  s t a b i l i t y  of unbounded 

homogeneous j e t s  and s h e a r  l a y e r s  t o  s m a l l  wavemunber d i s t u r b a n c e s  by con- 

s i d e r i n g . t h e  s t a b i l i t y  of f lows wi th  piecewise cons t an t  b a s i c  v e l o c i t y .  

I n  o rde r  t o  g e n e r a l i z e  Draz in ' s  method t o  s t r a t i f i e d  flows w e  

first cons ide r  equa t ion  (2.15).  Within a l a y e r  of cons t an t  b a s i c  v e l o c i t y  

i t  can be reexpressed as 

- (a2 + B2 + y 2 )c$ i v  + (a2B2 + a2y2 + B 2 y 2 

where 

2 2  - (a2B2y2 - a R P r  R i  ( D o > > ( $  = 0 b 

2 2 2 B = a + iaR(U .- c) and y2 = a + i a R  Pr(U - c )  . 

(2.16) 
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Provided t h e  b a s i c  temperature  varies l i n e a r l y  wi th  h e i g h t ,  equa t ion  (2.16) 

i s  a s ix th -o rde r  o rd ina ry  d i f f e r e n t i a l  equa t ion  wi th  cons t an t  c o e f f i c i e n t s .  

The s o l u t i o n  i s  then a l i n e a r  combination of exponen t i a l  s o l u t i o n s  of t h e  

form 

-a z 3 -a z -a z 
+ K e  + K e  3 $ ( z >  = K l e  2 

+a z 3 +a z +a z 
+ K e  + K e  6 5 + K e  4 

The ai are r o o t s  of 

a6 - (a  2 -+ 6 2 -+ y2)a4 + (a2a2 + a2y2 + B 2 2  y ) a  2 

- (a2B2y2 - a 2 2  R P r  Rib(DO)) = 0 . 

I f  Rib(DO) = 0 and P r  # 1 , equa t ion  (2.16) can b e  expressed as 

(2.17) 

(2.18) 

(2.19) 

and t h e  s o l u t i o n  i s  of t h e  form 

-az -62 + e-Yz 
3 $(z )  = K e + K 2 e  1 

+ ea' + K e''+ K e YZ . (2.20) 4 5 6 

I f  i t  should happen t h a t  Rib(DO) = 0 and P r  = 1 , t h e  s o l u t i o n  

should b e  w r i t t e n  i n  t h e  form 

(2.21) 
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Finally, in the limit Pr -f with Ri (De) = 0 , equation (2.16) reduces b 

to 

(2 a 22) 2 2  @iv - (a2 + B2)@f' + a B @ = 0 y 

which is the Orr-Sommerfeld equation with constant basic velocity consider- 

ed by Drazin. 



1 2  

3 .  The ?latching Conditions - 
The elements which go i n t o  t h e  c h a r a c t e r i s t i c  va lue  problem f o r  

i n v e s t i g a t i n g  the  s t a b i l i t y  of thermally s t r a t i f i e d  flow are t h e  s o l u t i o n s  

of t h e  governing d i f f e r e n t i a l  equat ions t o g e t h e r  w i th  the  s imultaneous 

s a t i s f a c t i o n  of a l l  boundary cond i t ions  In developing t h e  c h a r a c t e r i s t i c  

va lue  problem f o r  models w i t h  piecewise cons t an t  v e l o c i t y  p r o f i l e s  i t  i s  

necessary t o  cons ide r  the proper  matching cond i t ions  t o  b e  imposed on solu- 

t i o n s  i n  a d j a c e n t  l a y e r s  a c r o s s  a d i s c o n t i n u i t y  i n  t h e  b a s i c  flow. These 

matching cond i t ions  may b e  ob ta ined  by r e q u i r i n g  c o n t i n u i t y  of c e r t a i n  

p h y s i c a l  q u a n t i t i e s  (v i z ,  t h e  p e r t u r b a t i o n  v e l o c i t y ,  stress and temperature)  

o r  by s u c c e s s i v e l y  i n t e g r a t i n g  t h e  equa t ion  (2.15). 

Drazin4 develops t h e  matching cond i t ions  f o r  t h e  Orr-Sonmerf e l d  

equat ion w i t h  a piecewise cons t an t  v e l o c i t y  p r o f i l e  by r epea ted ly  i n t e g r a t i n g  

t h e  Orr-Sommerfeld equa t ion  ac ross  t h e  d i s c o n t i n u i t y .  

s imilar  f a s h i o n  by r e p e a t e d l y  i n t e g r a t i n g  equat ion (2.15) t o  show t h a t  

We may proceed i n  a 

[$I  = 0 $ 

[ D o l  = 0 9 

2 [D + + i a R ( U  - c ) $ ]  = 0 , 

[D $ - i a R ( U  - c)D$] = 0 , 

[ D  $ -3a D Cp - i a R ( U  - c ) D  $1 = 0 , 

3 

4 2 2  2 

and 

5 2 3  3 2 [D $ - 3a D $ - i a R ( U  - c )  ID 4 - 2a  D$}] = 0 , 

where t h e  s q u a r e  b r a c k e t s  denote  the  jump, o r  d i f f e r e n c e  of t h e  quan i ty  a c r o s s  

t h e  d i s c o n t i n u i t y .  The f i r s t  f o u r  matching cond i t ions  above were given by 

Drazin f o r  t h e  Orr-Sommerfeld problem. 



13 

Successive i n t e g r a t i o n  of t h e  s ix th -o rde r  equat ion i s  r a t h e r  

cumbersome. W e  may, however, i l l u s t r a t e  t h e  d e r i v a t i o n  of t h e  matching 

cond i t ions  i n  t h e  fol lowing manner. F i r s t  cons ide r  equa t ion  (2.15) i n  

t h e  form 

2 - R i b O ' @  -1 2 
L ~ L ~ +  = { ( i a w r )  (D - a ) - (U - ' C ) ) L ~ @  = 

and a n t i c i p a t e  t h e  c o n t i n u i t y  of 4, , and D@ . I n t e g r a t i n g  a c r o s s  t h e  

d l s c o n t i n u i t y  a t  z = z , s a y ,  w e  f i n d  
0 

z +E -1 2 0 

= l i m  {(iaRPr) a + (U - c ) )  1 L4@ dz 

z -E E+O 
0 

- l i m  R i  b r$) @ dz . 
E+O z -E 

0 

Provided. L @ is  bounded a t  z t h e  f i r s t  term on t h e  r i g h t  of equa t ion  

(3.8) van i shes .  The remaining t e r m  van i shes  when 0 is  continuous.  I f  

0 i s  d i scon t inuous  a t  z , w e  i n t e g r a t e  by p a r t s  t o  g e t  

4 0 

0 

0'$ dz = - R i b  [ii dz] 

z -E z -  
0 

l i m  - R i b  
E-tO 

0 

and t h e  matching cond i t ion  w i l l  t hen  b e  given by 

-E J 
( 3 . 9 )  

$ + R i b  O@ = 0 . 1 
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I f  we  i n t e g r a t e  aga in  a c r o s s  t h e  d i s c o n t i n u i t y ,  w e  f i n d  

Z0+€ 

@@ dz = 0 . 
z -E 

b I [L4@]  = :$ - R i  

0 

Since  the  equa t ion  is  t h e  Orr-Sommerfeld equat ion ,  i t  fo l lows  

t h a t  subsequent  i n t e g r a t i o n s  must y i e l d  t h e  same matching cond i t ions  as 

found by Drazin. 

L4+ = 0 

It i s  of some i n t e r e s t  t o  cons ider  what p h y s i c a l  q u a n t i t i e s  are 

requ i r ed  t o  b e  cont inuous a c r o s s  t h e  d i s c o n t i n u i t y  i n  b a s i c  v e l o c i t y  con- 

s i s t e n t  w i th  t h e  matching cond i t ions  de r ived  above. The c o n t i n u i t y  of $ 

and D@ are c o n s i s t e n t  w i t h  t h e  c o n t i n u i t y  of t h e  normal and t a n g e n t i a l  

p e r t u r b a t i o n  v e l o c i t i e s  r e s p e c t i v e l y .  Equat ion (3.3) i s  a s s o c i a t e d  w i t h  

t h e  c o n t i n u i t y  of ve r t i ca l  d e r i v a t i v e  of t h e  normal p e r t u r b a t i o n  stress, 

(3.12) 

as i t  appears  i n  

a ' 2 awl  t 

i a ( U  - c)w'  = - &!& + - -  a (%' - + E )  + %  (-E+--) R a Z  , (3.13) 
p R ax ax aZ 

which l e a d s  t o  t h e  requirement  

(3 .14 )  

Equat ion (3.14) reduces t o  (3.3) upon i n t r o d u c t i o n  of t h e  stream f u n c t i o n  

and a p p l i c a t i o n  of ( 3 . 1 ) *  I n  a similar way t h e  c o n t i n u i t y  of t h e  normal 

) 
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p e r t u r b a t i o n  stress 

0 '=-nl+-- 2 au' 
xx p R ax 

as i t  appears  i n  

which l e a d s  t o  t h e  requirement 

[D2uf - i a R ( U  - c ) u '  + a 2 u p ]  = [+; ox,'] = 0 . 

F i n a l l y  from equa t ion  (2.13) w e  observe t h a t  t h e  c o n t i n u i t y  of 8 '  

(3.15) 

(3.16) 

(3.17) 

imp 1 ies 

which reduces t o  (3.5) and t h e  c o n t i n u i t y  of D8' i m p l i e s  

which reduces t o  (3 .6) .  

The u s u a l  p h y s i c a l  q u a n t i t i e s  t h a t  one expec t s  t o  be continuous 

i n  a v i scous  heat-conducting f l u i d  are t h e  p e r t u r b a t i o n  v e l o c i t y ,  t h e  per- 

t u r b a t i o n  stress and t h e  p e r t u r b a t i o n  temperature.  It seems reasonab le  t o  

inc lude  t h e  ver t ical  d e r i v a t i v e  of t h e  p e r t u r b a t i o n  temperature  f o r  t h e  

p re sen t  problem. The on ly  discrepancy between t h e  two approaches t o  t h e  

matching cond i t ions  appears  i n  t h e  t h i r d  cond i t ion  of equat ion ( 3 . 3 ) .  Esch , 

r e p l a c e s  (3.3) by t h e  cond i t ion  t h a t  p e r t u r b a t i o n  shea r  stress i s  cont inuous,  

which i m p l i e s  

6 

[D2$ + a2$] = 0 . (3.18) 
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Drazin argues t h a t  i n  view of t h e  a p h y s i c a l  n a t u r e  o f  the p r e s e n t  model t h e  

cond i t ion  of equa t ion  (3.3) i s  more a p p r o p r i a t e  t h a n  (3.18). 

t o  f o l l o w  Drazin i n  t h i s  matter, 

iJe have chosen 



1 7  

The C h a r a c t e r i s t i c  Value Problem 4 .  - 
I n  Sec t ion  2 we de r ived  t h e  governing d i f f e r e n t i a l  equa t ion  f o r  

t h e  s t a b i l i t y  of two-dimensional d i s t u r b a n c e s  i n  a l a y e r  of s t r a t i f i e d  

f l u i d  w i t h  cons t an t  b a s i c  v e l o c i t y .  By making u s e  of t h e  matching con- 

d i t i o n s  t o  be imposed on s o l u t i o n s  of t h i s  equa t ion  i n  ad jacen t  l a y e r s  

w e  may now formulate  t h e  c h a r a c t e r i s t i c  v a l u e  problem. 

I n  g e n e r a l  t h e  c h a r a c t e r i s t i c  v a l u e  problem is  posed by re- 

q u i r i n g  t h e  s o l u t i o n  (2.17) of eq.  (2.16) t o  s a t i s f y  t h e  matching con- 

d i t i o n s  ( 3 . 1  -3.6) a t  each i n t e r f a c e  t o g e t h e r  w i th  boundedness cond i t ions  

f o r  e i g e n s o l u t i o n s  i n  r e g i o n s  which extend t o  i n f i n i t y .  We i l l u s t r a t e  t h e  

technique below by posing t h e  c h a r a c t e r i s t i c  v a l u e  problem f o r  t h e  s imple 

shea r  l a y e r  w i th  

and t h e  s imple j e t  with 

4.1.  The s imple shea r  l a y e r  - 
The s imple s h e a r  l a y e r  i s  a two layer-model. I n  region 1, z > 0 , 

say,  t h e  s o l u t i o n s  which remain bounded as z -t 00 can be expressed as 

-a, z 13 
+ K  e -a12Z 

1 3  + K  e -allz 
12  (4 .3)  

whereas i n  r eg ion  2 z < 0 , t h e  s o l u t i o n s  which remain bounded as z + - 00 

are 

+a21Z + e +a22 'a23Z 
@,(d = 22 + K23e ( 4 . 4 )  
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App l i ca t ion  of  t h e  matching cond i t ions  a t  z = 0 l e a d s  t o  t h e  a l g e b r a i c  

equa t ions  

K (6  + 6  + 6  ) = K  2 j  l j  2 j  3 j  

a 2 j K 2 j  - - - a l j K l j  9 

+ i a R ( 1  - c)  (61j + 6 2 j  + 6 3 j ) k , j  j 

= {a2 - i a R ( 1  + c )  (6 1j + 6 2 j  4- 6 3 j  )}K2j (4.7) 
2 j  

{a3 - i a R ( -  1 - c)a2j} K = {- a3 + i a R ( 1  - c)alj} K l j  , (4 .8 )  
2 j  2 j  U 

(4.9) (a4 -3a2a2 + i aR( l+c)a2  2 ) K  = {a4 -3a2a2 -iaR(1-c)a2 }K 
2 j  2 j  j 2 j  ki t i  l j  l j  ’ 

and 

{a2j- 5 3a2a3 + iaR(1 + c) (a3 - 2a 2 a .)I K 2 j  t i  2 j  23 

(4.10) 2 
= 1- a5 + 3a2a3 - i a R ( 1  - c) (- a3 + 2U a . ) I  K l j  , 

1j U ti 1 3  

where 6 i s  the Kronecker d e l t a  and summation from 1 t o  3 i s  understood Over 

r epea ted  ind ices .  F u r t h e r  rearrangement and s i m p l i f i c a t i o n  l e a d s  t o  t h e  

set of equa t ions  

i j  

a l j  K l j  + a  2 j  K 2 j  = o ,  (4.12) 
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{ a 2  + i a R ( 1  - c) (61j + 62j + 63j)} K l j  
1j 

and 

- { a 2  - i aR(1  -I- c)  (6 + (S + (S3j>) K2 j  = 0 2 j  l j  2 j  

{ a 3  - i a R ( 1  - c)alj}Klj + { a 2 j  3 - iaR(- 1 - c)a }K2 j  = 0 
1j 2 j  

l j  
} K  4 - 3a 2 2  a - i a R ( 1  - c )a l j  

a l j  t i  

2 - { a 4  - 3a2a2 + i aR(1  + c ) a  } K = 0 , 2 j  2 j  2 j  2 j  

2 { a5 - 3a2a3 - i a R ( 1  - c )  (a3 - 2a a ) )  K Ij Ij ki l j  l j  

+ { a 5  - 3a2a3 + i a R ( 1  + c) (a’ - 2C4 a )I K = 0 . 2 j  2 j  2 j  2 j  2 j  
2 

Equat ions (4.11-4.16) form a systera of  s ix  l i n e a r  a l g e b r a i c  equa t ions  

i n  terms of  t h e  s ix  a r b i t r a r y  c o n s t a n t s  K 11 K12 K13 3 K21 Y K22 and 

The de terminant  of t h e  c o e f f i c i e n t s  of  t h e s e  cons t an t s  must van- 23 * 
K 

i s h  f o r  t h e  e x i s t e n c e  of n o n - t r i v i a l  e igenso lu t ions .  It fo l lows  t h a t  w e  

may de termine  t h e  e igenvalues  of a , c , R P r  and R i  by r e q u i r i n g  

t h a t  

b 

A(a , c R , Pr  , Rib) = 0 

(4.13) 

(4.14) 

(4.15) 

(4.16) 

(4.17) 

where A r e p r e s e n t s  the determinant  of t h e  c o e f f i c i e n t s  of  t h e  K 

i n  equa t ions  (4.11-4.16). 

ij 
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4.2.  The d i scon t inuous  - 
The c h a r a c t e r i s t i c  v a l u e  problem f o r  t h e  d iscont inuous  j e t  

w i t h  b a s i c  v e l o c i t y  and tempera ture  p r o f i l e  g iven  by (4.2) i s  developed 

i n  a s imi la r  f a s h i o n  as t h e  s imple  s h e a r  l a y e r  t r e a t e d  above. The d i s -  

cont inuous j e t  i s  a th ree - l aye r  model and matching cond i t ions  would ap- 

pea r  t o  be  r equ i r ed  a t  t h e  two i n t e r f a c e s  z = t 1 . 
W e  cons ide r  f i r s t  t h e  s o l u t i o n s  t o  t h e  governing d i f f e r e n t i a l  

equat ion  i n  t h e  t h r e e  l a y e r s :  r eg ion  1 ( z  > 1) reg ion  2 (- 1 < z < 1) 

and r eg ion  3 ( z  < - 1) a In r eg ion  1 t h e  s o l u t i o n  i s  of t h e  form 

i n  r eg ion  2 ,  i t  is  of t h e  form 

+ a21Z + 
+ K  e 24 

- a13Z 
+ K  e - a12Z 

K12e 13 Y 

- a23Z 
+ K  e -a22Z 

K22e 23 

a23Z 
+ K  e a22Z 

K25e 26 5 

and, f i n a l l y , i n  r eg ion  3, i t  of t h e  form 

+ a  z 33 
+ K  e + a32Z + a  z 

33 
31 + K  e @,(Z) = K 31e 32 

(4.18) 

(4.19) 

(4.20) 

If we proceeded t o  apply t h e  matching condi t ions  a t  z = t. 1 

w e  would o b t a i n  a s e t  of tv7elve homogeneous l i n e a r  a l g e b r a i c  equat ions  

i n  t h e  twelve unknown IC 

continuous j e t  w i t h  v e l o c i t y ,  t empera ture  g rad ien t ,  and matching condi t ions  

symmetric about  z = 0 

s o l u t i o n s  s e p a r a t e l y  and thereby  reduce the  o r d e r  of t h e  c h a r a c t e r i s  t i c  

de t erminan t a 

This  procedure i s  unnecessary f o r  t h e  dis- 
i j  e 

It i s  then  p o s s i b l e  t o  cons ider  even and odd eigen- 
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It i s  known from previous  i n v e s t i g a t i o n s  on the s t a b i l i t y  of 

p a r a l l e l  f low t h a t  t h e  most u n s t a b l e  d i s t u r b a n c e s  are a s s o c i a t e d  w i t h  

even + e If w e  a n t i c i p a t e  a similar r e s u l t  h e r e ,  we may use  the symmetry 

cond i t ions  t o  set 

and w e  need on ly  cons ide r  t h e  r eg ion  z 2 0 

In r eg ion  1, the s o l u t i o n  can b e  expressed  i n  t h e  s impler  form 

(4.22) - a13 - a12 and IC ' = K13e 11 - Klle Y K12v = K12e 13 
- all where K ' - 

I n  r eg ion  2 ,  t h e  s o l u t i o n  can be w r i t t e n  

I (4.23) 
22z cosh a 23' 

22 

cosh a21z cosh a 

22 cosh a ' K23' cosh a23 f K  ' $2") = K218 cosh a21 

23 = IC cosh a and K23' = K cosh a 2 1- 21  21  ' K22' 22 22 23 where K ' = IC cosh a 

I f  we  apply t h e  matching cond i t ions  a t  z = 1 t o  t h e s e  s o l u t i o n s ,  

we  o b t a i n  

(4.24) 

(4.25) 

( 4  e 26) 



' + {a3 t a n h  a - iaRa t a n h  a 1 ' = o ,  3 
a l jKl j  2 j  2 j  2 j  2 j  2 j  

4 
1j 1j 

{a - 3a2a2 + iaRca2 l j  1 K l j  ' 

4 
2 j  2 j  23 23 

- {a - 3a2a2 - i a R ( 1  - e)a2.)  K . '  = 0 

22 

(4.27 

(4.28) 

and 

2 {a5 - 3a2a3 + iaRc(a3 - 2 a . ) )  K ' 
l j  U 1j 13 Ij 

3 2 + {a5 - 3a2a3 - i a R ( 1  - e )  (a2j - 2 a  a .)) tanh a 2 j K 2 j '  = 0 . (4.29) 
2 j  2 j  23 

The c h a r a c t e r i s t i c  equa t ion  €or t h e  s t r a t i f i e d  j e t  is  obta ined  by re- 

q u i r i n g  the determinant, A '  of K ' t o  vanish i n  equat ions  (4.24-4.29) i j  

and i s  of the form: 

, 

A' (a  , c R , P r  R i b )  = 0 . 
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5. R e s u l t s  of t h e  computations 

The elements of t h e  c h a r a c t e r i s t i c  v a l u e  problem have been 

d i scussed  i n  t h e  preceding s e c t i o n s .  I n  t h i s  s e c t i o n  t h e  procedure f o r  

t h e  numerical  s o l u t i o n  of t h e  c h a r a c t e r i s t i c  v a l u e  problem w i l l  b e  out- 

l i n e d  and some t y p i c a l  r e s u l t s  w i l l  be  presented.  

5.1. Numerical procedure 

I n  o r d e r  t o  e v a l u a t e  t h e  c h a r a c t e r i s t i c  determinant  w e  have 

used t h e  Math Pack s u b r o u t i n e  CGJR;a  l i b r a r y  sub rou t ine  supp l i ed  w i t h  t h e  

Univac 1108. The technique employed t o  f i n d  t h e  e igenva lues  i s  an  app l i -  

c a t i o n  of Newton's method i n  two dimensions. 

n e u t r a l  s t a b i l i t y  w e  u s u a l l y  set t h e  Richardson number and t h e  P r a n d t l  

number equa l  t o  p r e s c r i b e d  v a l u e s .  W e  may then  p i c k  a Reynolds number 

and sea rch  f o r  t h e  eigenvalues  of a and c The i n i t i a l  s e a r c h  i s  

made by t r i a l  and e r r o r .  When i t  is  f e l t  t h a t  t h e  v a l u e s  of a and c 

are c l o s e  enough t o  t h e  d e s i r e d  e igenva lues ,  t h a t  is,when t h e  v a l u e  of t h e  

(complex) determinant  i s  s m a l l  enough, w e  u s e  Newton's method t o  converge 

on t h e  eigenvalues .  The Reynolds number may b e  incremented and t h e  o l d  

eigenvalues  used t o  t o  i n i t i a t e  t h e  e igenva lue  sea rch .  In  t h i s  way many 

To compute a curve of 

p o i n t s  a long t h e  curve of n e u t r a l  s t a b i l i t y  may b e  computed i n  a s i n g l e  run. 

Of course,  w e  may j u s t  as convenient ly  increment a (o r  e )  and s e a r c h  

f o r  e igenvalues  of c ( o r  a )  and R. The Richardson number o r  t h e  P r a n d t l  

number may a l s o  be incremented i f  d e s i r e d  (we then keep R , a , o r  c f i x e d  

and converge on t h e  new eigenvalues  of t h e  o t h e r  two). 

p u t a t i o n s  are no t  r e s t r i c t e d  t o  curves  of n e u t r a l  s t a b i l i t y .  The imaginary 

p a r t  of c can b e  set equa l  t o  some non-zero v a l u e  ( c  > 0 f o r  i n s t a b i l i t y  

and c < 0 f o r  s t a b i l i t y )  and, i n  t h i s  way, growth rates may b e  computed. 

F i n a l l y ,  t h e s e  com- 

i 

i 
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5.2 Resu l t s  f o r  t h e  discont inuous shea r  l a y e r  

F igu res  3a,  3b, and 3c con ta in  t h e  r e s u l t s  of t h e  computations 

f o r  t h e  curves of n e u t r a l  s t a b i l i t y  of t h e  s t r a t i f i e d  discont inuous shea r  

l a y e r .  Each f i g u r e  c o n t a i n s  curves  of n e u t r a l  s t a b i l i t y  i n  t h e  a - R 

p lane  f o r  t h r e e  Richardson numbers but  f o r  t h e  same P r a n d t l  number. The 

P r a n d t l  number d i f f e r s  f o r  each f i g u r e .  

Comparison of t h e s e  t h r e e  f i g u r e s  demonstrates t h e  s i g n i f i c a n c e  

of t h e  P r a n d t l  number v a r i a t i o n  f o r  t h i s  simple model, Figure 3a shows 

t h a t  t h e  f low i s  cons ide rab ly  less s t a b l e  f o r  a P r a n d t l  number of .1 

t han  i t  is  f o r  a P r a n d t l  number of 1 ( f i g u r e  3b) o r  10 ( f i g u r e  3c) .  

I n  a l l  t h r e e  f i g u r e s  t h e  curves of n e u t r a l  s t a b i l i t y  appear t o  b e  approx- 

imated by t h e  i n t e r s e c t i o n  of two s t r a i g h t  l i n e s .  The upper branch tends 

t o  a cons t an t  r a t i o  R / a  depending on P r  whereas t h e  lower branch 

tends t o  a cons t an t  v a l u e  of a independent of t h e  P r a n d t l  number. Quali- 

t a t i v e l y  each set of curves  show similar behavior  w i t h  t h e  s t a b i l i z i n g  

e f f e c t  of i n c r e a s i n g  t h e  Richardson number most pronounced a t  s m a l l  wave- 

numbers. F igu re  4 demonstrates t h e  e f f e c t  of va ry ing  t h e  P r a n d t l  number 

f o r  a p o i n t  l y i n g  on t h e  upper branch of t h e  curve of n e u t r a l  s t a b i l i t y .  

As t h e  P r a n d t l  number g e t s  l a r g e ,  t h e  eigenvalues  approach those  of Drazin 

f o r  R i  = 0 . Figure  5 demonstrates s similar v a r i a t i o n  f o r  a p o i n t  l y i n g  

on t h e  lower branch of t h e  curve of n e u t r a l  s t a b i l i t y .  I n  each case t h e  

lower P r a n d t l  number i s  a s s o c i a t e d  wi th  a d e s t a b i l i z a t i o n  of t h e  shea r  flow. 

5.3. 

b 

R e s u l t s  -_I f o r  t h e  discont inuous jet 

Curves of n e u t r a l  s t a b i l i t y  i n  t h e  a R plane f o r  several v a l u e s  

of t h e  Richardson number and P r a n d t l  number equa l  t o  u n i t y  are shown i n  

F igu re  6.  For purposes of comparison t h e  n e u t r a l  curve obtained from 
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equat ion (52) of Drazin4 (1961) has been reproduced. 

show t h e  s t a b i l i z i n g  e f f e c t  of thermal s t r a t i f i c a t i o n  t o  b e  most pronounced 

a t  s m a l l  wavenumbers. The minimum c r i t i c a l  Reynolds number i n c r e a s e s  from a 

v a l u e  c l o s e  t o  4 and a wavenumber of ,23  f o r  R i  = 0 t o  a va lue  of 15.6 and 

a corresponding wavenumber of .98 f o r  R i  = 0.0825 . 

Once again t h e s e  curves 

The corresponding curves of n e u t r a l  s t a b i l i t y  i n  t h e  a , c p lane  

are shown i n  f i g u r e  7 .  A t  least f o r  R i  2 0.005 t h e  s m a l l  wavenumber 

branches appear t o  approach l i m i t s  as R -+ 03 : 

t h a t  R i  = a c , The l a r g e  wavenumber branch 

R -+ independent of t h e  Richardson number, 

2 2  
s s  

a + a  , c + c  = 0 . 5  s o  

shows a -f w , c -+ 0.5 as 

S S 

It is  c l e a r  from t h e s e  r e s u l t s  

t h a t  t h e r e  is  no c r i t i c a l  Richardson number f o r  which t h e  flow is  s t a b i l i z e d .  

However, none i s  expected because of t h e  d i s c o n t i n u i t y  i n  t h e  v e l o c i t y  p r o f i l e .  

The P r a n d t l  number v a r i a t i o n  has  y e t  t o  be s t u d i e d  i n  f u l l .  I t  i s  c l e a r ,  how- 

e v e r ,  t h a t  t h e r e  i s  no a p p r e c i a b l e  P r a n d t l  number v a r i a t i o n  f o r  t h e  homo- 

geneous f low wi th  R i b  = 0 * 
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6 e Concluding Xemarks 

In t h i s  paper w e  have pursued a l i n e a r  s t a b i l i t y  a n a l y s i s  of d i s -  

continuous j e t  and s h e a r  l a y e r  p r o f i l e s  i n  s t r a t i f i e d ,  v i s c o u s ,  heat-conducting, 

and incompressible  f l u i d .  We have made t h e  usua l  Boussinesq approximation i n  

de r iv ing  the  s ix th -o rde r  governing d i f f e r e n t i a l  equat ion.  The P r a n d t l  number 

dependence of t h i s  equa t ion  has  been r e t a i n e d  and w e  have demonstrated a 

d e s t a b i l i z i n g  e f f e c t  a t  small P r a n d t l  numbers f o r  t h e  s imple s h e a r  l a y e r ,  This 

e f f e c t  i s  a l s o  p r e s e n t  w i t h o u t  thermal s t r a t i f i c a t i o n  which s u g g e s t s  t h a t  t h e  

s ix th -o rde r  equa t ion  (2.15) should,  a t  least f o r  some flows, be used i n s t e a d  

of t he  Orr-Sommerfeld e q u a t i o r  f o r  s tudy ing  t h e  s t a b i l i t y  of homogeneous 

para l le l  s h e a r  f l o w .  

The r e s u l t s  of t h e  s t a b i l i t y  a n a l y s i s  f o r  t h e  s t r a t i f i e d  shea r  l a y e r  

and j e t  demonstrate t h e  s t a b i l i z i n g  e f f e c t  of thermal s t r a t i f i c a t i o n .  This  

s t a b i l i z i n g  e f f e c t ,  c l e a r l y  i l l u s t r a t e d  i n  F igu re  3 and F igure  6 ,  i s  most 

pronounced f o r  s m a l l  wavenumber d i s tu rbances .  Gage and Reid8 and Gage’ found 

a q u a l i t a t i v e l y  similar s t a b i l i z i n g  e f f e c t  of thermal  s t r a t i f i c a t i o n  on 

bounded flows by using an asymptot ic  a n a l y s i s  of t h e  governing d i f f e r e n t i a l  

equation. 

The i n f e r e n c e  of t h e  s t a b i l i z i n g  e f f e c t  of thermal s t r a t i f i c a t i o n  

on continuous flows from the s t a b i l i t y  a n a l y s i s  of discont inuous flows pre- 

s e n t e d  h e r e  i s  reasonable  f o r  s m a l l  wavenumber d i s tu rbances  i n  view of Draz in ’ s  

work f o r  homogeneous flows. ‘vJe e x p e c t ,  t h a t  t he  lower branch O< t h e  C U X W g  

of n e u t r a l  s t a b i l i t y  as p resen ted  h e r e  f o r  t h e  discont inuous j e t  and s h e a r  l a y e r  

approximate t h e  corresponding curves f o r  continuous Slows over a, l i m i t e d  range 

of Richardson numbers bounded below by ze ro ,  The behavior  os the upper branch 
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a t  l a r g e  wavenumbers wi th  R -+ w as a + is  n o t  s u r p r i s i n g  f o r  a dis-  

continuous flow. A continuous flow may b e  expected t o  approach a l i m i t i n g  

va lue  a + a as R + 00 i n  view of t h e  known r e s u l t s  f o r  t h e  homogeneous 
S 

I U  
s h e a r  l a y e r  U(z) = tanh z , A r e c e n t  numerical  s tudy  by ivIaslowe and Thompson 

of t h e  s t r a t i f i e d  s h e a r  l a y e r ,  U(z> = 1 + tanh z and p ( z )  = exp (- B tanh z )  , 
confirms t h e s e  expec ta t ions  and demonstrates complete s t a b i l i z a t i o n  of t h e  s h e a r  

flow when t h e  o v e r a l l  Richardson number exceeds 1 / 4  , We can make no predic-  

t i o n s  concerning c r i t i c a l  Richardson numbers f o r  continuous flows on the  b a s i s  

of our s t a b i l i t y  a n a l y s i s  of t h e  discont inuous flows. The f a c t  t h a t  w e  f i n d  no 

c r i t i c a l  Richardson number f o r  complete s t a b i l i z a t i o n  of t h e  discont inuous 

flows i s  n o t  s u r p r i s i n g .  Af t e r  a11 t h e  o v e r a l l  Richardson number may be g r e a t e r  

than 1 / 4  w h i l e  t he  l o c a l  Richardson number i s  less t h a n  1 / 4  , 

The r e s u l t s  p re sen ted  h e r e  provide a q u a l i t a t i v e  framework i n  which 

t o  develop t h e  moE d e t a i l e d  numerical  computations f o r  continuous p r o f i l e s .  A s  

mentioned above, such computations have a l r eady  been made f o r  a s t r a t i f i e d  

s h e a r  l a y e r  by Maslowe and Thompson. 

These r e s u l t s  may have a wider a p p l i c a t i o n .  In  t h e  atmosphere l a y e r s  

with n e a r l y  a d i a b a t i c  l a p s e  rates are o f t e n  bounded above by very s t a b l e  l a y e r s .  

the t r a n s i t i o n  between t h e s e  l a y e r s  may b e  q u i t e  sha rp  and beyond t h e  r e s o l v i n g  

c a p a b i l i t i e s  of o p e r a t i o n a l  sounding devices .  Often cons ide rab le  s h e a r  develops 

between t h e s e  lavers. Seve ra l  au tho r s  ( f o r  a review, see Bre the r ton  ) have 

conjectured r e c e n t l y  on t h e  r o l e  of "Kelvin-Hehholtz" i n s t a b i l i t y  i n  gene ra t ing  

i n t e r n a l  waves a t  t h e  i n t e r f a c e .  I n  t h i s  connection I b e l i e v e  t h a t  by "Kelvin- 

IIelmholtz" i n s t a b i l i t y  w e  r e a l l y  mean " l o c a l  

s t r a t i f i e d  s h e a r  flow" which i s  a much more g e n e r a l  s ta te  of a f f a i r s  than t h e  

c l a s s i c a l  Kelvin-Helmholtz model imp l i e s  I) I n  t h i s  connection w e  i n t e n d  t o  

11 

s h e a r  i n s t a b i l i t y  of a s t a b l y  
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g e n e r a l i z e  t h e  p r e s e n t  model t o  treat  t h e  s t a b i l i t y  of waves at  an i n t e r -  

f ace  between l a v e r s  of d i f f e r i n g  temperature g r a d i e n t ,  d i f f e r e n t  h o r i z o n t a l  

v e l o c i t i e s  and perhaps even d i f f e r i n g  v i s c o s i t i e s  a 
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Captions f o r  t h e  F igu res  

Figure 1, The curve of n e u t r a l  s t a b i l i t y  i n  t h e  a , R plane f o r  t h e  

discont inuous j e t  a f t e r  Drazin. The open circles and c r o s s e s  

show the  p o i n t s  on the  curve of n e u t r a l  s t a b i l i t y  f o r  t h e  Bickley 

j e t  a f t e r  Clenshaw and E l l i o t t  and 'Fatsumi and Gotoh respec- 

t i v e l y .  

Figure 2. The curve o f  n e u t r a l  s t a b i l i t y  for t h e  discont inuous j e t  i n  the  

a , c p lane  a f t e r  Drazin. Open circles and c r o s s e s  r e f e r  t o  

p o i n t s  on t h e  corresponding curve f o r  t h e  Bickley j e t  a f t e r  

Clenshaw and E l l i o t t  and T a t s u m i  and Gotoh r e s p e c t i v e l y .  

Figure 3. The curves of n e u t r a l  s t a b i l i t y  i n  t h e  a Re p l ane  f o r  t h e  

thermally s t r a t i f i e d  discont inuous s h e a r  l a y e r  a t  several d i f f e r e n t  

P r a n d t l  numbers (a )  P r  = . I ,  (b)  P r  = 1 , ( c )  P r  = 10 . 
Figure 4 ,  The P r a n d t l  number v a r i a t i o n  of t h e  wavenumber a f o r  R = 2 . 3  

and ni = 0.001 . 
Figure 5. The P r a n d t l  number v a r i a t i o n  of t h e  wavenumber a f o r  R = 10,O 

and Ri = 0,20 e 

The curves of n e u t r a l  s t a b i l i t y  f o r  t h e  thermally s t r a t i f i e d  dis-  Figure 6 ,  

continuous j e t  i n  the  a R plane f o r  several va lues  of  R i  

and a t  P r  = 1 e 

Figure 7. The curves of n e u t r a l  s t a b i l i t y  f o r  t h e  thermally s t r a t i f i e d  

discont inuous j e t  i n  the  c a p lane  f o r  several v a l u e s  o f  3i 

and a t  P r  = 1 
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